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$B_{N}(f)(x)= \sum_{k=0}^{N}(\begin{array}{l}Nk\end{array})x^{k}(1-x)^{N-k}f(k/N)$, $f$ : $[0,1|arrow \mathbb{C}$ (1)
, .
Bemstein (1) , Weierstrass , $[0,1|$
, Bemstein
([B]). , Bernstein . ,
$Narrow\infty$ $B_{N}(f)$ . Bernstein (1) $f\in C^{\infty}([0,1|)$
, Voronovsky, Bernstein ([Lo]$|$ ) . Bemstein
(1) , , $[0,1|$ . ,
Abel-Ivan ([AI]), H\"ormander ([H\"o2]) $m$- $P$ Bemstein
$B_{N}(f)(x)= \sum_{\alpha\in \mathbb{Z}_{\geq 0}^{m},||\alpha||\leq N}(\begin{array}{l}N\alpha\end{array})x^{\alpha}(1-\Vert x\Vert)^{N-\Vert\alpha||}f(\alpha/N)$ , (2)
$Narrow\infty$ $f\in C^{\infty}(P)$ . ( , $x=(x_{1}, \ldots, x_{m})\in \mathbb{R}^{m}$
$||x\Vert=x_{1}+\cdots+x_{m}$ ) Zelditch , $P\subset \mathbb{R}^{m}$ Delzant
, $P$ , Bemstein .
Bergman-Bernstein (Bergman-Bernstein ) , $P$ toric K hler
Bergman-Szeg\"O , , projective toric K hler Toeplitz
, .
, Zelditch [Z2] , Zelditch [Z2] Bergman-
Bemstein , $P$ $f$ Dedekind-Riemann
$R_{N}(f;P):= \sum_{\alpha\in NP\cap \mathbb{Z}^{m}}f(\alpha/N)$ (3)
$Narrow\infty$ . Zelditch ,
Bernstein ,
, Zelditch Bergman-Bernstein .
1613 2008 125-143 125
, Bernstein Dedekind-Riemann (3)




, . $P\subset \mathbb{R}^{m}$
( , $P$ ). , $P$ Int $(P)$
. $P$ $\mu$ ,
$\pi(\mu)=\int_{P}zd\mu(z)$
$\mu$ . $P$ $\pi(\mu)\in P$
, $P$ $\mathcal{M}_{1}(P)$ $P$
$\pi:\mathcal{M}_{1}(P)\ni\mu\mapsto\pi(\mu)\in P$
. $\mathcal{M}_{1}(P)$ *- . $\pi$ ; $\mathcal{M}_{1}(P)arrow P$
.
1 $P\subset \mathbb{R}^{m}$ Int $(P)\neq\emptyset$ . $\pi$ : $\mathcal{M}_{1}(P)arrow P$
$\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ $P$ Bernstein , .
(1) $f\in C(P)$ ,
$B(f)(x):= \int_{P}f(z)d\mathcal{B}_{x}(z)$ , $d\mathcal{B}_{x}:=\mathcal{B}(x)\in \mathcal{M}_{1}(P)$ , $x\in P$,
$B(f)$ , $B(f)\in C^{\infty}(Int(P))\cap C(P)$ .
(2) $C^{\infty}$ $K$ :Int $(P)arrow$ Sym$(m,\mathbb{R})$ , $f\in C(P)$ :
$\nabla B(f)(x)=/Pf(z)K(x)(z-x)d\mathcal{B}_{x}(z)$ , $x\in$ Int $(P)$ .
, Sym$(m, \mathbb{R})$ $m$ .
$K$ Bemstein $\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ . 1
2 $\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ . $f\in C(P)$ , $P$
$B_{N}(f)$ .
$B_{N}(f)(x):= \int_{P}f(z)d\mathcal{B}_{x}^{N}(z)$ . (4)
, $d\mathcal{B}_{x}^{N}$ $P$ :
$d\mathcal{B}_{x}^{N}:=(D_{1/N})_{*}(d\mathcal{B}_{x}*\cdots*d\mathcal{B}_{x})$ , $D_{1/N}$ : $\mathbb{R}^{m}\ni x\mapsto x/N\in \mathbb{R}^{m}$ . (5)
$\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ Bernstein , $B_{N}(f)$ $f$ Bernstein
. 1
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3 $\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ , $S\subset P$ , $x\in$ Int $(P)$
$\mathcal{B}(x)\in \mathcal{M}_{1}(P)$ ( ) $S$ . Bernstein
, Bernstein . I
4 $S\subset P$ $\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ , $P$
. Bemstein (1) , Bernstein
, Bemstein , ,
. , , Bernstein ,
. , . ,
Bemstein . I
5 $\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ Bernstein , (4) $B_{N}(f)$ ,
$f\in C(P)$ $B_{N}(f)\in C^{\infty}$(Int $(P)$ ) $\cap C(P)$ . Bemstein (1) ,
Bernstein . Bernstein
, Bernstein . , Bernstein
$B_{N}(f)$ . 1
, $\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ , (5) $d\mathcal{B}_{x}^{N}$ , (4)
$B_{N}(f)$ . , $B_{N}(f)$ $f$ ,
$B_{N}(f)$ $f$ . [T] ,
.
6 $P\subset \mathbb{R}$ Int $(P)\neq\emptyset$ . , $N$
$B_{N}$ : $C(P)arrow C(P)$ , $B_{N}$ :
(1) $B_{N}(1)=1$ , $f\in C(P)$ $B_{N}(f)$ .
(2) $\alpha\in \mathbb{Z}_{\geq 0}^{m},$ $||\alpha||\leq 2$ $B_{N}(x^{\alpha})$ $x^{\alpha}$ $P$ .
$f\in C(P)$ $B_{N}(f)$ $f$ $P$ . 1
, $B_{N}$ (4), (5) ,
$\alpha\in \mathbb{Z}_{\geq 0}^{m}$ $\Vert\alpha\Vert\leq 1$ , $B_{N}(x^{\alpha})=x^{\alpha}$ . , $\Vert\alpha\Vert=2$
$B_{N}(x^{\alpha})$ $x^{\alpha}$ . [T]
. ( .
)
7 $\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ Bernstein $S$ , $K$ :Int$(P)arrow$ Sym$(m, \mathbb{R})$
. , $\alpha\in S$ , $P$ $m_{\alpha}$ .
(1) $m_{\alpha}$ Int $(P)$ , $m_{\alpha}\in C^{\infty}(Int(P))\cap C(P)$ . , $x\in P$
$\sum_{\alpha\in S}m_{\alpha}(x)=1$ .
(2) $x\in P$ $\sum_{\alpha\in S}m_{\alpha}(x)\alpha=x$ .
(3) $x\in$ Int$(P)$ $\alpha\in S$ $\nabla m_{\alpha}(x)=m_{\alpha}(x)K(x)(\alpha-x)$ .
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, $S\subset P$ $\{m_{\alpha}\}_{\alpha\in S}$ ,
$\mathcal{B}(x)=\sum_{\alpha\in S}m_{\alpha}(x)\delta_{\alpha}$
$\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ Bernstein . 1
8 , $P$ $\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ , $S\subset P$
. , $\alpha\in S$ $m_{\alpha}\in C(P)$ ,
$d \mathcal{B}_{x}:=\mathcal{B}(x)=\sum_{\alpha\in S}m_{\alpha}(x)\delta_{\alpha}$
, (5) $d\mathcal{B}_{x}^{N}$ .
$S_{N}\subset NP$ :
$S_{N}:=\{\gamma\in NP$ ; $\beta_{1},$ $\ldots,$ $\beta_{N}\in S$ $\gamma=\beta_{1}+\cdots+\beta_{N}\}$ . (6)












(1) $P$ $m$- :
$P= \{x=(x_{1}, \ldots, x_{m})\in \mathbb{R}^{m};x_{j}\geq 0, \Vert x\Vert:=\sum_{j=1}^{m}x_{j}\leq 1\}$.
$S=\{e0:=0, e_{1}, . . . , e_{m}\}$ . $\{ej\}_{j=1}^{m}$ $\mathbb{R}^{m}$ . $m_{e_{j}}\in C^{\infty}(P)$
$(j=0,1, \ldots, m)$ :
$m_{e\text{ }}(x)=1-\Vert x||,$ $m_{e_{j}}(x)=x_{j},$ $j=1,$ $\ldots,$ $m$ .
$\mathcal{B}(x)=\sum_{j=0}^{m}m_{e_{j}}(x)\delta_{e_{j}}$
$\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ $P$ Bemstein
, Bernstein $B_{N}(f)$ (2) . :
$K(x)=( \frac{\delta_{ij}}{x_{j}}+\frac{1}{1-\Vert x\Vert})_{ij}$ .
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$x\in$ Int $(P)$ , $K(x)$ , :
$A(x)=(x_{j}\delta_{ij}-x_{i}x_{j})_{ij}$ .
, $A(x)$ $x\in\partial P$ , . ,
$P$ ( Int $(P)\neq\emptyset$ ) Bernstein $\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$
,
$A(x)=/P(z-x)\otimes(z-x)d\mathcal{B}_{x}(z)$ , $x\in P$ (9)
, $x\in$ Int $(P)$ , Bemstein $\mathcal{B}$ $K(x)$
. $K(x)$ .
(2) $P,$ $Q$ ( ) Bernstein $\mathcal{B}^{P}:Parrow$
$\mathcal{M}_{1}(P),$
$\mathcal{B}^{Q}$ : $Qarrow \mathcal{M}_{1}(Q)$ . $PxQ$ ,
$\mathcal{B}(x, y):=\mathcal{B}^{P}(x)\mathcal{B}^{Q}(y)$ , $(x, y)\in PxQ$
, $PxQ$ Bernstein . , , $P=[0,1|^{m}$ ,
$\mathcal{B}(x)=\sum_{\alpha\in\{0,1\}^{m}}\prod_{j=1}^{m}x_{j}^{\alpha_{j}}(1-x_{j})^{1-\alpha_{j}}\delta_{\alpha}$. $x=(x_{1}, \ldots,x_{m})\in P$
$P=[0,1]^{m}$ Bernstein . , Bemstein Bernstein
$B_{N}(f)(x)= \sum_{k_{1},\ldots,k_{m}=0}^{N}f(k_{1}/N_{:}\ldots, k_{m}/N)\prod_{j=1}^{m}x_{j}^{k_{j}}(1-x_{j})^{N-k_{j}}$
, $m$- Bernstein
$([Lo|)$ . , $m=1$ , Bemstein (1) .
(3) , Bernstein . , ,
Bernstein . Zelditch
. , Bernstein ,
. , Bemstein . $\mathbb{R}$
$\mu$ :
$\mu(\tau):=\frac{Todd(\tau)-1}{\tau}=\frac{1}{1-e^{-\tau}}-\frac{1}{\tau}$.
$\chi(\tau)=(e^{\tau}-1)/\tau$ $\mu(\tau)=(\log \chi(\tau))’$ . $0<\mu(\tau)<1$ ,
$\mu$ : $\mathbb{R}arrow(0,1)$ , $\mu’(\tau)>0$ . $\mu$ $\tau=\tau(x)$
. $K(x):=1/\mu’(\tau(x))=\tau’(x),$ $x\in(0,1)$ . $A(x):=K(x)^{-1}$
$A(O)=A(1)=0$ , $[0,1]$ . $(0,1)$
$\delta(x)$ , $[0,1|\cross(0,1)$ $\rho(z, x)$ :







$x\in(0,1),$ $z\in[0,1]$ . $x\in[0,1]$ $[0,1]$
$d\mathcal{B}_{x}$ :
$d\mathcal{B}_{x}:=\rho(z, x)dz$ , $x\in(O, 1)$ , $d\mathcal{B}_{0}:=\delta_{0}$ , $d\mathcal{B}_{1}:=\delta_{1}$ .
$f\in C([0,1])$ .
$B(f)(x):= \int_{0}^{1}f(z)d\mathcal{B}_{x}(z)$ , $x\in[0,1]$
, $B(f)$ $(0,1)$ . $\rho(z, x)$ [$0,1|x[0,1|$
, $f\in C^{1}([0,1])$ ,
$B(f)(x)arrow f(1),$ $xarrow 1$ , $B(f)(x)arrow f(0),$ $xarrow 0$
. $\sup_{0<x<1}|B(f)(x)-B(g)(x)|\leq\Vert f-g\Vert_{C^{0}}$ $f,g\in$
$C([0,1|)$ $B(f)\in C([0,1])$ $f\in C([0,1|)$
. $d\mathcal{B}_{x}$ $[0,1]$ Bernstein .
4
. .
9 $P$ $\mathbb{R}^{m}$ Int $(P)\neq\emptyset$ . $\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ $P$
Bernstein . , $\nu$ $2\nu$ $L_{\nu}(x, \partial)$ ,
$f\in C^{\infty}(P)$ , .
$B_{N}(f) \sim\sum_{\nu\geq 0}N^{-\nu}L_{\nu}(x,\partial)f$
. (10)
, $L_{0}(x, \partial),$ $L_{1}(x, \partial)$ :
$L_{0}(x, \partial)f=f(x)$ , $L_{1}(x, \partial)f=\frac{1}{2}$Tr$(A(x)\nabla^{2}f(x))$ .
, $A(x)$ (9) , $\nabla^{2}f$ $f$ Hesse .
$P$ . Int $(P)$ ,
Int $(P)$ . 1
10 $L_{\nu}(x, \partial)$ . , $j=1,$ $\ldots,$ $m$
$D_{j}$ :
$D_{j}f(x)=\langle A(x)\nabla f(x),$ $e_{j}\rangle$ , $f\in C^{\infty}(P)$ .
, $(X_{j}f)(x)=xjf(x)$ ( ) . $\nu$ :
$D_{j}L_{\nu}(x,\partial)=[L_{\nu+1}(x, \partial),X_{j}]$ , $j=1,$ $\ldots,$ $m$ . (11)
(11) , (10) , ,
Bernstein . , (4), (5) Bemstein
$B_{N}(f)$ , :
$\nabla B_{N}(f)(x)=N\int_{P}f(z)K(x)(z-x)d\mathcal{B}_{x}^{N}(z)$ , $x\in 1nt(P)$ . (12)
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. $x\in$ Int $(P)$ $K(x)$ $A(x)$ (12)
, $ej$ :
$D_{j}B_{N}(f)(x)=/Pf(z)(\tilde{4}-x)d\mathcal{B}_{x}(z)$ . (13)
, (13) , $x\in P$ .
(13) :
$D_{j}B_{N}=B_{N}$ $X_{j}-X_{j}\circ B_{N}=[B_{N},X_{j}|,$ $j=1,$ $\ldots,m$ . (14)
(11) (14)
$B_{N} \sim\sum_{\nu\geq 0}N^{-\nu}L_{\nu}(x,\partial)$
, $L_{0}(x, \partial)=$ Id . , $B_{N}$
, (14) ”Bernstein ” . ,
$B_{N}$ , (11) . 1
11 (10) , Bernstein (2) .
$\mathcal{B}:Parrow \mathcal{M}_{1}(P)$ , Bernstein (1), regularity
, , $B_{N}(f)$ (10) ( $N$
$)$ . , $f\in C^{\infty}(P)$ $P$
, $f$ . , :
$B_{N}(f)(x)=(2 \pi)^{-m}/\mathbb{R}^{m}\hat{f}(\xi)\varphi N,x(\xi)d\xi=(\frac{A^{r}}{2\pi})^{m}/X^{2m}e^{-N\Phi(x,y,\xi)}f(y)dyd\xi$. (15)
$\hat{f}$ $f$ ( $P$ ) Fourier
, $\varphi N,x$ (5) $d\mathcal{B}_{x}^{N}$
$\varphi N,x(\xi)=/P^{e^{i\langle z,\xi\rangle}d\mathcal{B}_{x}^{N}(z)}$
. “ ” $\Phi(x, y,\xi)$ :
$\Phi(x,y,\xi)=i\langle y,\xi\rangle-\log\varphi(x,\xi)$ , $\varphi(x.\xi)=\int_{P}e^{i\langle z,\xi\rangle}d\mathcal{B}_{x}(z)$ .
$\Phi$ , ( [H\"oll Theorem 7.7.5)
, $B_{N}(f)$ . , (10)
, .
, $L_{\nu}(x, \partial)$ . ,
. , 9 Bernstein
, $L_{\nu}(x, \partial)$ ([T] ). Bernstein
. , Bemstein ,
. 1
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Bernstein . $P$ $\mathbb{R}^{m}$ Int $(P)\neq\emptyset$
. $S\subset P$ , $P$ , $S$ $c$ : $Sarrow \mathbb{R}_{>0}$
. $\mu s_{C}$ : $\mathbb{R}^{m}arrow \mathbb{R}^{m}$ .
$\mu s_{c}(\tau):=\sum_{\alpha\in S}\frac{c(\alpha)e^{\langle\alpha,\tau\rangle}}{\sum_{\beta\in S}c(\beta)e^{\langle\beta,\tau\rangle}}\alpha$ , $\tau\in \mathbb{R}^{m}$ . (16)
, Int $(P)\neq\emptyset$ , $\mu s$, : $\mathbb{R}^{m}arrow$ Int $(P)$
([FU]). $\tau s_{C}$ :Int $(P)arrow \mathbb{R}^{m}$ , $\alpha\in S$ $m_{S,c,\alpha}$
.
$m_{S,c,\alpha}(x):= \frac{c(\alpha)e^{(\alpha,\tau s_{c}(x),)}}{\sum_{\beta\in S}c(\beta)e^{\langle\beta\tau_{Sc}(x)\rangle})}$ , $x\in$ Int $(P)$ .
$m_{S,c,\alpha}$ Int $(P)$ . $m_{S,c,\alpha}$ $P$ . (
, . $\partial P$
, . [T] ) $\sum_{\alpha\in S}m_{S,c,\alpha}=1$
, $\tau_{S,c}$ $\mu s_{c}$ ,
$\sum_{\alpha\in S}m_{S,c,\alpha}(x)\alpha=x$
$x\in P$ . ,
$\mathcal{B}_{S,c}(x):=\sum_{\alpha\in S}ms_{c,\alpha}(x)\delta_{\alpha}$
, $\mathcal{B}_{S,c}$ : $Parrow \mathcal{M}_{1}(P)$ .
12 $\mathcal{B}_{S,c}$ : $Parrow \mathcal{M}_{1}(P)$ Bernstein .
$S\subset P$ Bernstein $\mathcal{B}$ : $Parrow \mathcal{M}_{1}(P)$ , $c:Sarrow \mathbb{R}_{>0}$
$\mathcal{B}=\mathcal{B}$S, . 1
13 12 , Bemstein .
$P$ Bemstein $P$ $S$ ( $S$
$P$ ) , $c:Sarrow \mathbb{R}_{>0}$
. , $S$ $P$
, $S$ Bernstein $S$ $c$ : $Sarrow \mathbb{R}_{>0}$ , $c$
Bernstein , . ,
$P\subset \mathbb{R}^{m}$ $m$- , $S=P\cap \mathbb{Z}^{m}$ . , $S$
$\mathcal{B}$ : $P-\mathcal{M}_{1}(P)$ $\{\delta_{\alpha};\alpha\in S\}$ $\mathcal{M}_{1}(P)$ $\Delta_{S}$ .
$\pi$ : $\mathcal{M}_{1}(P)arrow P$ $\Delta_{S}$ $P$ ,
. ( , Bernstein . )1
5 Bergman-Bernstein Bernstein
Bernstein , Dedekind-
Riemann (3) . .
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, simple Dedekind-Riemann Guillemin-
Sternberg $([GS])$ , “Euler-Maclaurin ” . Dedekind-
Riemann Bernstein Zelditch
, . 1950 Otto Szasz ([Sz]) .
(Szasz [Sz] Michael Stolz . . )Szasz ([Sz])
Bernstein Poisson ,
Szasz , (
) . , ,
Zelditch Bergman-Bernstein , Bernstein
.
Zelditch Delzant , toric K\"ahler , $K\ddot{a}$hler
Bergman-Bernstein . , ,
Delzant projective toric Fubini-Study Zelditch
Bergman-Bernstein . , Zelditch
.
, $P\subset \mathbb{R}^{m}$ , $P$ $\mathbb{Z}^{m}$
. , Bernstein $S$ $S=P\cap \mathbb{Z}^{m}$ .
(6) $S_{N}\subset NP$ , $P$ :
$S_{N}=(NP)\cap \mathbb{Z}^{m}$ $($ $(P\cap \mathbb{Z}^{m})_{N}=NP\cap \mathbb{Z}^{m})$ .
, . , $m$
$P$ $mP$ . . ,
$P$ Delzant , . $m$ $P$
Delzant , $P$ $v$ , $l$ edge (1 face)
$m$ ( simple ), $m$ edge $\mathbb{Z}^{m}$ $\mathbb{Z}$
.
, $P\subset \mathbb{R}^{m}$ $m$ Delzant , Zelditch Bergman-
Bernstein toric , . $c$ :
$P\cap \mathbb{Z}^{m}arrow \mathbb{R}_{>0}$ . $s=\neq P\cap \mathbb{Z}^{m}$ . $m$ $(\mathbb{C}^{*})^{m}$ $s-1$
$\mathbb{C}P^{s-1}$ $\Phi$ : $(\mathbb{C}^{*})^{m}arrow \mathbb{C}P^{s-1}$ :
$\Phi_{c}(z):=[c(\alpha)^{1/2}z^{\alpha}]_{\alpha\in P\cap \mathbb{Z}^{m}}$ , $z\in(\mathbb{C}^{*})^{m}$ .
, $z^{\alpha}$ $z\in(\mathbb{C}^{*})^{m}$ $\alpha\in \mathbb{Z}^{m}$ Laurent , $\mathbb{C}P^{s-1}$
$[\zeta_{\alpha}]_{\alpha\in P\cap \mathbb{Z}^{m}}$ .
, toric $M_{c}$ $\Phi_{\text{ }}((\mathbb{C}^{*})^{m})$ Zariski .
$\lambda$,f , $P$ Delzant
$M_{\text{ }}$ ([GKZ]). ,
Veronese . $P$ Delzant
, $M_{c}$ $\mathbb{C}P^{s-1}$ Fubini-Study $r’s$ K\"ahler
$\omega_{c}$ , toric K\"ahler $(A- f_{\text{ }}, \omega_{c})$ .
$M_{c}$ $m$ $T^{m}$ : , $s$ $T^{8}$ $\mathbb{C}P^{s-1}$
. $\phi$ : $T^{m}arrow T^{s}$ :
$\phi_{c}(e^{i\xi})=(e^{i(\alpha,\xi)})_{\alpha\in P\cap \mathbb{Z}^{m}}$ , $e^{i\xi}=(e^{i\xi_{1}}, \ldots, e^{i\xi_{m}})\in T^{m},$ $\xi=(\xi_{1}, \ldots,\xi_{m})\in \mathbb{R}^{m}$ .
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, M , $\xi\in \mathbb{R}^{m}$ $\phi_{c}(e^{i\xi})\in T^{s}$
$M_{c}$ . $T^{m}$ $M_{c}$ .
$T^{m}$ M Hamilton , $\mu$ :
$M_{c}arrow$ . ( $T^{m}$ Lie , $t_{m}^{*}$ .
$\mathbb{R}^{m}$ . )
$\mu_{\text{ }}:M_{c}arrow^{\iota_{c}}\mathbb{C}P^{s-1}arrow^{\mu_{s}}t_{s}^{*}arrow^{\dot{C}}t_{m}^{*}d\phi$.
$\iota$ : $M_{c}\hookrightarrow \mathbb{C}P^{s}$
‘1 , $\mu_{s}:\mathbb{C}P^{s-1}arrow t_{s}^{*}$ $T^{s}$ $(\mathbb{C}P^{s-1},\omega_{FS})$ Hamilton
, $d\phi_{c}^{*}:t_{s}^{*}arrow$ $\phi_{\text{ }}$ : $T^{m}arrow T^{s}$ $d\phi_{c}$ : $arrow t_{s}$
.
$A^{\ovalbox{\tt\small REJECT}}f_{c}$ $(\mathbb{C}^{*})^{m}\cong\Phi_{\text{ }}((\mathbb{C}^{*})^{m})$ , $(\mathbb{C}^{*})^{m}$ $\mu$
. $T^{m}$ , $(\mathbb{C}^{*})^{m}$ $M_{c}$
. , $(\mathbb{C}^{*})^{m}\cong T^{m}x\mathbb{R}^{m}$ . , $(e^{i\xi}, \tau)\in T^{m}\cross \mathbb{R}^{m}$
$e^{\tau/2+i\xi}\in(\mathbb{C}^{*})^{m}$ . , $\mu_{c}$ : $(\mathbb{C}^{*})^{m}arrow t_{m}^{*}\cong \mathbb{R}^{m}$ $T^{m}$- ,
$\mu_{c}$ : $\mathbb{R}^{m}arrow \mathbb{R}^{m}$ . , .
14 $\mu_{c}:M_{c}arrow t_{m}^{*}$ $\mu_{c}:\mathbb{R}^{m}arrow \mathbb{R}^{m}$
(16) $\mu s_{\text{ }}$ : $\mathbb{R}^{m}arrow$ Int $(P)(S=P\cap \mathbb{Z}^{m})$ . 1
Bergman-Bernstein , $(\mathbb{C}^{*})^{m}\subset M_{c}$ $\omega_{\text{ }}=\iota_{C}^{*}\omega pS$ $T^{m}$- K\"ahler
$\varphi$ ( . [Gu] ). $\varphi_{c}$
:
$\varphi_{\text{ }}(z)=\log\sum_{\alpha\in P\cap Z^{m}}c(\alpha)|z^{\alpha}|^{2}$
, $z\in(\mathbb{C}^{*})^{m}$ .
$\varphi\hat$
$(\mathbb{C}^{*})^{m}$ , - , $\mathbb{R}^{m}$
. $\mathbb{R}^{m}$ $\chi$ . , $K$ hler $\omega$
${}^{t}symplectic$ ” $u_{c}$ ([Z2] ) $P$ , $\chi$
Legendre . :
$u_{c}(x)=\langle x,\tau_{c}(x)\rangle-\chi_{\text{ }}(\tau_{c}(x))$ , $x\in$ Int $(P)$ .
$\tau_{c}$ :Int $(P)arrow \mathbb{R}^{m}$ $\mu_{c}$ .
$u_{c}$ Zelditch Bergman-Bernstein . M
$L_{c}=\iota_{\text{ }}^{*}O(1)$ . $\mathcal{O}(1)$ $\mathbb{C}P^{s-1}$ (
$)$ . $c_{1}$ (L ) $=\omega$ . $L_{C}^{\otimes N}$ $H^{0}(M_{c}, L_{c}^{\otimes N})$ $NP\cap \mathbb{Z}^{m}$
weight Laurent ([FU]). , $P$ $f$
Bergman-Bernstein $\nu_{N}(f)$ :
$\nu_{N}(f)(x)=\frac{1}{\Pi_{N}(z)}\sum_{\gamma\in NP\cap Z^{m}}f(\gamma/N)\frac{e^{Nu_{c}(x)+(\gamma-Nx,\tau_{c}(x))}}{Q_{h^{N}}(\gamma)}$ . (17)
$Q_{h^{N}}(\gamma)$ $\gamma\in NP\cap \mathbb{Z}^{m}$ $H^{0}(M_{c}, L_{c}^{\otimes N})$ , Fubini-Study
$L^{2_{-}}$ 2 , $\Pi_{N}(Z)$ $H^{0}(M_{c}, L_{\text{ }}^{\otimes N})$ Bergman-Szeg\"o
( $\Lambda f_{c}$ ) . , (17) , $\gamma\in NP\cap \mathbb{Z}^{m}$ $L_{\text{ }}^{\otimes N}$
Fubini-Study $L^{2}$- 2 . (17)
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$z\in(\mathbb{C}^{*})^{m}\subset M_{c}$ $x\in$ Int $(P)$ $\mu_{c}(z)=x$ . (Zelditch ([Z2]) , (17)
. $|z^{\gamma}|_{h^{N}}^{2}$ ,
$P$ . )
, toric $M_{c}$ Fubini-Study , K\"ahler $\omega$
, $L$ $c_{1}(L)=\omega$ , Bergman-Bemstein . Zelditch




, $\gamma\in NP\cap \mathbb{Z}^{m}$ $H^{0}(M_{\text{ }}, L_{C}^{\otimes N})$ Fubini-Study 2- $T^{m}$-
, $P$ , $P$ . , $(S, c)$
$(S=P\cap \mathbb{Z}^{m})$ , Bemstein
$\mathcal{B}_{S,\text{ }}(x)=\sum_{\alpha\in P\cap \mathbb{Z}^{m}}m_{S,c,\alpha}(x)\delta_{\alpha}$
, $1/N$ $N$ convolution $d\mathcal{B}_{x}^{N}$ (7) $m_{N}^{\gamma}(x)$
(8) .
15 $m_{N}^{\gamma}(x)$ (7) $m_{S,\text{ },\alpha}$ , $\gamma\in NP\cap \mathbb{Z}^{m}$







$\gamma$ lattice path $c$ $P\cap \mathbb{Z}^{m}$
:
$\mathcal{P}_{N}(\gamma)=\sum_{m\beta_{1},..,\beta_{N},.\in P\cap z}.c(\beta_{1})\cdots c(\beta_{N})\gamma=\beta_{1}+\cdot+\beta_{N}$
. (18)
&lattice path $\mathcal{P}_{N}(\gamma)$ $Narrow\infty$ [TZ] ,
. .
, $m_{N}^{\gamma}$ $\gamma$ $L_{c}^{\otimes N}$ Fubini-Study 2 $(P_{N}(\gamma))$
, Bergman-Bernstein , Bernstein , $P$ 1
.
16 (17) Bergman-Szeg\"o $\Pi_{N}(z)$ $M_{c}$ $T^{m}$-
. $P$ , $\Pi_{N}(x)$ . 1
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, 15 , $P$ .
17 $P\subset \mathbb{R}^{m}$ ( ) , Int $(P)\neq\emptyset$ .
$S\subset P$ $P$ . $c$ : $Sarrow \mathbb{R}_{>0}$ , $(S, c)$




. $P$ Bergman-Bernstein $d\nu_{x}^{N}$ :
$d \nu_{x}^{N}=\frac{1}{\Pi_{N}(x)}\sum_{\gamma\in S_{N}}\frac{m_{N}^{\gamma}(x)}{R_{N}(\gamma)}\delta_{\gamma/N}$ . (20)
, $\gamma\in S_{N}$ , ,
$R_{N}(\gamma)=1_{P}^{m_{N}^{\gamma}(x)dx}$ , $\Pi_{N}(x)=\sum_{\gamma\in NP\cap \mathbb{Z}^{m}}\frac{m_{N}^{\gamma}(x)}{R_{N}(\gamma)}$ (21)
. 1
Bergman-Bernstein $d\nu_{x}^{N}$ Bernstein $\mathcal{B}_{S,c}$
$d\mathcal{B}_{x}^{N}$ .
18 $P\subset \mathbb{R}^{m}$ Int $(P)\neq\emptyset$ . $(S, c)$ ,
Bernstein $\mathcal{B}$S, (7), (8) $d\mathcal{B}_{x}^{N}$ . $R_{N}(\gamma)$ (21)
. $S_{N}$ . $d\nu_{x}^{N}$ (20) Bergman-Bernstein
. , $N$ ,
(1) $R_{N}(\gamma)$ $S_{A^{\vee}}$ ;
(2) $\Pi_{N}(\gamma)$ $P$ ;
(3) $\pi(d\nu_{x}^{N})=x$ $x\in P$ ;
(4) $d\nu_{x}^{N}=d\mathcal{B}_{x}^{N}$ $x\in P$ ;
. 1
19 (2) (3) :
$\frac{1}{N}D\log\Pi_{N}(x)=\pi(d\nu_{x}^{N})-x$ .
$D=A(x)\nabla$ 1 . .
(2) (4) . $([T|$ ).
, (2) $P$ Delzant , Bergman-Szego $\Pi_{N}(z)$
. Donaldson ([D]) , $L_{c}^{\otimes N}$ FUbini-Study
balanced metric . Fubini-Study
balanced metric .
toric balanced metric
, , . 1
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20 Bergnian-Bernstein $d\nu_{x}^{N}$ Bergman-Bernstein $\nu_{N}(f)$ ,
, :
$\nu_{N}(f)(x)=/Pf(z)d\nu_{x}^{N}(z)$ .
, Bergman-Bernstein $d\nu_{x}^{N}$ , $P$ Delzant $S=P\cap \mathbb{Z}^{m}$
:
$1_{P}\Pi_{N}(x)\nu_{N}(f)(x)dx=\sum_{\gamma\in NP\cap \mathbb{Z}^{m}}f(\gamma/N)=R_{N}(f;P)$.
, Dedekind-Riemann $R_{N}(f;P)$ $Narrow\infty$ , $\Pi_{N}(X)$
$\nu_{N}(f)$ . Bergman-Szeg6 $\Pi_{N}(x)$ $(M_{c}$
) ([Zl]). Zelditch [Z2] $\Pi_{N}(x)\nu_{N}(f)$
Toeplitz , Dedekind-Riemann $R_{N}(f;P)$
. Bernstein , (21) $S_{N}$ $R_{N}(\gamma)$
, . $(S=P\cap \mathbb{Z}^{m},c)$
, 18 , $(S=P\cap \mathbb{Z}^{m}, c)$ $(P$ Delzant
) $M_{c}$ $L_{C}^{\otimes N}$ $Fi_{J}bini$-Study balanced metric
, . , Dedekind-Riemann $R_{N}(f;P)$
$P$ , Bernstein , Bergman-Bernstein ,
$\Pi_{N}(x)$ .
, Guillemin-Sternberg ([GS]) Dedekind-Riemann $R_{N}(f;P)$ “ Euler-
Maclaurin ” , , (wedge
) Dedekind-Riemann . ,
Bernstein ,
“ Euler-Maclaurin ” . 1
6 Bernstein-Poisson Euler-Maclaurin
$[0,1]$ Bemstein
$B_{N}(f)(x)= \sum_{k=0}^{N}m_{N}^{k}(x)f(k/N)$ , $m_{N}^{k}(x)=(\begin{array}{l}Nk\end{array})x^{k}(1-x)^{N-k}$
, $x$
$d \mathcal{B}_{x}^{N}=\sum_{k=0}^{N}m_{N}^{k}(x)\delta_{k/N}$
. $d\mathcal{B}_{x}^{N}$ Bemstein ( $1/N$ $–\backslash v$ convolution(
(8) ) .
$\lambda>0$ $k\in \mathbb{Z}_{\geq 0}$ $x:=\lambda/N$ $Narrow\infty$ :
$\lim_{Narrow\infty}m_{N}^{k}(\lambda/N)=\frac{\lambda^{k}}{k!}e^{-\lambda}$ .
“Poisson (Poisson’s law of rare events ([I]))“ ( ) , $N$
, Poisson
$d \mathcal{P}_{\lambda}=\mathcal{P}(\lambda):=\sum_{k=0}^{\infty}l_{k}(\lambda)\delta_{k}$ , $\ell_{k}(\lambda):=\frac{\lambda^{k}}{k!}e^{-\lambda}$
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. Poisson $d\mathcal{P}_{\lambda}$ ( ) $\lambda$
Bernstein , $d\mathcal{P}_{\lambda}$ $1/N$ $N$ convolution ( (8) ) $d\mathcal{P}_{\lambda}^{N}$
, $[0, \infty)$ :
$d \mathcal{P}_{\lambda}^{N}=\sum_{k=0}^{\infty}\ell_{N}^{k}(\lambda)\delta_{k/N}$ , $\ell_{N}^{k}(\lambda)=\frac{(N\lambda)^{k}}{k!}e^{-N\lambda}$ , $\lambda>0$ .
Bemstein ( (4) ) :
$P_{N}(f)( \lambda):=/o^{\infty}f(z)d\mathcal{P}_{\lambda}^{N}(z)=\sum_{k=0}^{\infty}l_{N}^{k}(\lambda)f(\lambda/N)$ .
, Szasz Otto [Sz] . $f\mapsto P_{N}(f)$ Szasz
. [$Sz|$ , $[0, \infty)$ Dedekind-Riemann
$\frac{1}{N}\sum_{k=0}^{\infty}f(k/N)$
. , .






, 9 H\"ormander [H\"O2] .
22 $f\in S(\mathbb{R})$ , $n>1$ $2n>2K>n+1$ $K$
:
$P_{N}(f)( \lambda)=\sum_{k=0}^{n-1}N^{-k}M_{k}(\lambda, d/d\lambda)f+S_{n,N}(\lambda)$ ,
(22)
$|S_{n,N}(\lambda)|\leq CN^{-n}\lambda^{-(2K-n)}$ .
, $M_{k}(\lambda,d/d\lambda)$ $2k$ , .
$M_{k}( \lambda, d/d\lambda)=\sum_{\alpha=k}\frac{1}{\alpha!}p(\alpha, \alpha-k)\lambda^{\alpha-k}2k(\frac{d}{d\lambda})^{\alpha}$ . (23)
, $p(\alpha,$ $t)$ ,
$p(\alpha,$ $t)= \sum_{l=0}^{t}(\begin{array}{l}\alpha l\end{array})(-1)^{l}S(\alpha-l,$ $t-l)$ (24)
, Stirling $S(n, k)$ . 1
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Stirling $S(n, k)(0\leq k\leq n)$ :
$S(O, 0)=1,$ $S(n, 0)=0,$ $S(n, 1)=S(n,n)=1$ ,
(25)
$S(n+1, k)=kS(n, k)+S(n, k-1)$ .










$f\in S(\mathbb{R})$ , $2n>2K>n+1$ $K>0$ $|f^{(2n)}(\lambda+t(k/n-\lambda))|\leq C/[(1-t)\lambda]^{2K}$
, :
$|S_{n,N}(\lambda)|\leq CN^{-2n}\lambda^{-2K}J_{N,2n}(\lambda)$ . (28)




$J_{N,0}(\lambda)=1$ , $J_{N,1}(\lambda)=0$ , $J_{N,2}(\lambda)=N\lambda$ ,
$J_{N,\alpha+1}(\lambda)=(EJ_{N,\alpha})(\lambda)+\alpha N\lambda J_{N,\alpha-1}(\lambda)$ .
$J_{N,\alpha}$ :
$J_{N,\alpha}( \lambda)=\sum_{j=0}^{[\alpha/2]}p(\alpha,j)(N\lambda)^{j}$ .
$[\alpha/2]$ $\alpha/2$ , $p(\alpha,j)$ (24) ,
. (26) ,
$N^{-n}$ , $f$ Schwartz . I
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23 $[0, \infty)$ Bernstein-Poisson $P_{N}(f)$
$P_{N}(f)(\lambda)=P_{1}(f)(N\lambda)$
. . $P_{N}(f)$ Bernstein
. , Poisson
(law of rare events) . I
(22) , error $\lambda$ . $P_{N}(f)$ ,






$c_{k}$ $k=0$ . $c_{k}$ $p(\alpha, \alpha-k)$
Stirling :
25 $-$ co $=1,$ $-c_{1}=-1/2,$ $-c_{2}=1/12$ ,
$-c_{k}=(k+1) (\begin{array}{l}2kk\end{array})\sum_{l=0}^{k}\frac{(-1)^{l}}{l+1}(\begin{array}{ll} 2kk +l\end{array})S(k+l, l)$ (30)
. 1
, Bernoulli $B_{n}$ . Todd
Taylor
Todd$(- \tau)=\frac{\tau}{e^{\tau}-1}=\sum_{n=0}^{\infty}\frac{b_{n}}{n!}\tau^{n}$
$b_{0}=1,$ $b_{1}=-1/2,$ $b_{2}=1/6,$ $b_{2n+1}=0(n\geq 1)$ $b_{2n}=(-1)^{n-1}B_{n}$
$B_{n}(n\geq 1)$ Bernoulli . , $b_{n}$ , Stirling $S(n, k)$ Catalan
$\frac{1}{k+1}(_{k}^{2k})$ ([GKP])






$[0, \infty)$ “ Euler-Maclaurin ” , Guillemin-Sternberg
$([GS])$ , simple Dedekind-Riemann
“ Euler-Maclaurin ” . Guillemin-Sternberg [GS] 26
Poisson , .
27 $[GS|$ , (31) (29), (30)
. , (29) , $f\in S(\mathbb{R})$ $[0, \infty)$ $e^{-\lambda}$
, $(-\infty;-1]$ $0$ . $f$ (29) :
Todd
$(1/N) \sim\sum_{k\geq 0}(-1)^{k-1}c_{k}N^{-k}$ .
, Todd$(1/N)$ $N^{-1}$ ,
$-c_{k}=b_{k}/k!$ , (31) . 1
, $P$ $[0,1]$ , $0$ $[0, \infty)$ ,
(Bemstein ) Poisson’s law of rare events , Poisson
Bernstein , $[0, \infty)$ Dedekind-Riemann
.
, ’rare event”
. , . $P\subset \mathbb{R}^{m}$ Int $(P)\neq\emptyset$
, $S\subset P$ , $P$ , $c$ $S$
. , $(S, c)$ Bernstein $\mathcal{B}_{S,c}$
$\mathcal{B}_{S,c}(x)=\sum_{\alpha\in S}m_{\alpha}(x)\delta_{\alpha}$
, $x\in P$
, $N$ $\gamma\in S_{N}$ ( $S_{N}$ (6) ) , $m_{N}^{\gamma}(x)$ (7)
.
$P$ $v$ , $v$ $P$ closed facet ($m-1$ face) $\mathcal{F}(v)$
. $F\in \mathcal{F}(v)$ , $up\in \mathbb{R}^{m}$ $c_{F}$
$F=P\cap H(u, c)$ , $P\subset K(u_{F}, c_{F})$
. $u\in \mathbb{R}^{m},$ $c\in \mathbb{R}$
$K(u, c)=\{x\in \mathbb{R}^{m};\langle x,u\rangle\leq c\}$ , $H(u,c)=\{x\in \mathbb{R}^{m};\langle x,u\rangle=c\}$
. $v$
$W(v):= \bigcap_{F\in \mathcal{F}(v)}K(u_{F},c_{F})$
, $v$ wedge . $C(v)$ $:=W(v)-v$
.
$P$ , $S=P\cap \mathbb{Z}^{m}$ . $S_{N}=NP\cap \mathbb{Z}^{m}$ .
$v$ $\alpha\in W(v),$ $\lambda\in W(v)$ ,
$\lim_{Narrow\infty}m_{N}^{\alpha+(N-1)v}(\frac{1}{N}\lambda+(1-\frac{1}{N})v)$
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. , $\lambda\in W(v)$ , . 1
[STZ], [TZ] , $m_{N}^{\gamma}(x)$ (18) $\mathcal{P}_{N}(\gamma)$ “
” “ ” ,
“rare event” . ,
$\lambda\in W(v)$ , Dedekind-Riemann
.
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